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We re-analyze the nonlocal gravity model of Deser and Woodard which was proposed to account for
the current phase of cosmic acceleration. We show that the growth of perturbations predicted by
this nonlocal gravity model when its background evolution is fixed by some particular non-ΛCDM
models can be substantially lower than when its background is fixed by ΛCDM. This can be seen
when we consider the background expansion by a dark energy model with a slightly less negative
equation of state with respect to cosmological constant. Our results hints towards a fact that the
choice of the background expansion can play a crucial role how this nonlocal gravity model can fit the
growth history data. While the growth data might show better consistency to GR models (among
the background models we studied so far), it seems the nonlocal gravity model studied in this work
is able to show comparable consistency to the growth data as well. Showing this consistency can be
considered as a significant result since this model can stand as a distinguishable alternative to the
standard model of cosmology.
I. INTRODUCTION
Evidences for the acceleration of cosmic expansion now
prevail [1–3], however we do not yet possess a compelling
explanation for what causes the acceleration. Two major
efforts for the acceleration mechanism have been adding
a new substance (termed as dark energy) or reformu-
lating gravity (modifying general relativity) [4–7]. By
now, a well-established procedure to build and test mod-
els in both approaches is first to reproduce the observed
redshift-distance relation and second examine the evolu-
tion of perturbations for a fixed background expansion.
The first step should be a common goal for any dark
energy or modified gravity models, and the second can
distinguish them from each other [8, 9].
Previously we performed the second step [10, 11] on a
modified gravity model proposed by Deser and Woodard
[12, 13] once its background was fitted to the expansion
history of ΛCDM [14–17]. The conclusion was the growth
of perturbations predicted by the model is enhanced com-
pared to the one by the ΛCDM model which is statisti-
cally disfavored by observations [11]. In fact, this prob-
lem of enhanced growth is shared by many modified grav-
ity models including the nonlocal model we considered
[18].
In the current work we challenge this problem by re-
adjusting the model with a background expansion rather
than that of ΛCDM. For example, one can find a set
of parameters - Ωm and a nontrivial equation of state
w for dark energy which leads to the same luminosity
distance as pointed out in [19]. Also, it seems to be more
natural not to fix the background expansion to ΛCDM if
we want to go beyond ΛCDM. (We have already checked
that this nonlocal model cannot do better than ΛCDM
in suppressing growth when its background expansion is
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fixed by ΛCDM.)
The upshot is the growth rate for this nonlocal model
dramatically changes according to the choices of the
background expansion: we can find a set of {Ωm, w}
which significantly lowers the growth rate for this non-
local model. In contrast, for the case of GR the growth
rate is not significantly affected by the changes of the
background.
II. RECONSTRUCTION OF THE EXPANSION
The model introduces the nonlocal distortion func-
tion f which multiplies the Ricci scalar, to the Einstein-
Hilbert Lagrangian [12],
L = LEH + ∆L = 1
16piG
√−g
[
R+ f(X)R
]
, (1)
where the argument X of the function f is the inverse
scalar d’Alembertian acting on the Ricci scalar, i.e., X =
−1R. One may interpret the function f as a coefficient
in front of R which nontrivially modulates the curvature
and henceforth changes the geometry.
The causal and conserved field equations are derived by
varying the action and imposing the retarded boundary
conditions on the propagator −1,
Gµν + ∆Gµν = 8piGTµν , (2)
where the nonlocal correction to the Einstein tensor takes
the form [12],
∆Gµν =
[
Gµν+gµν −DµDν
]{
f(X)+
1 [
Rf ′(X)
]}
+
[
δ(ρµ δ
σ)
ν −
1
2
gµνg
ρσ
]
∂ρX∂σ
1 [
Rf ′(X)
]
. (3)
The functional form of f can be determined so as to fit
a given background geometry. The problem of adjusting
f , or any parameters of a model in general, to a given
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2geometry is termed as the reconstruction problem and
the generic procedure for the reconstruction was given in
[17]. In summary, f can be reconstructed by applying
the field equations (2) to the FLRW geometry,
ds2 = −dt2 + a2(t)d~x · d~x (4)
and supposing the scale factor a(t) is known as a func-
tion of time. In the Ref. [17], f was solved for the case of
ΛCDM expansion. In the present work, we reconstruct f
for the various cases of non-ΛCDM. Following the nota-
tions of [17], we use the dimensionless Hubble parameter
h(ζ) to represent the expansion history and express f in
terms of it,
f
(
X(ζ)
)
= −2
∫ ∞
ζ
dζ1 ζ1Φ(ζ1)
−6ΩΛ
∫ ∞
ζ
dζ1
ζ21
h(ζ1)I(ζ1)
∫ ∞
ζ1
dζ2
I(ζ2)
ζ42h(ζ2)
+2
∫ ∞
ζ
dζ1
ζ21
h(ζ1)I(ζ1)
∫ ∞
ζ1
dζ2
r(ζ2)Φ(ζ2)
ζ52
. (5)
Here, the time variable ζ is defined in terms of the red-
shift z as
ζ ≡ 1 + z = 1
a(t)
,
and the dimensionless Hubble parameter h and the di-
mensionless Ricci scalar r are
h ≡ H
H0
, H ≡ a˙
a
and r ≡ R
H20
= 6(h˙+ 2h2) (6)
where an overdot denotes a derivative with respect to
the cosmic time t and the H0 is the current value of the
Hubble parameter. The functions Φ(ζ) and I(ζ) are given
by [17],
Φ(ζ) = −6ΩΛ
∫ ∞
ζ
dζ1
1
h(ζ1)
∫ ∞
ζ1
dζ2
1
ζ42h(ζ2)
, (7)
I(ζ) =
∫ ∞
ζ
dζ1
r(ζ1)
ζ41h(ζ1)
. (8)
We take the expression of h(z) employed in [19] as a non-
ΛCDM expansion1,
h2(ζ) = Ωmζ
3 + Ωde exp
[
3
∫ ζ
1
dζ ′
1 + w(ζ ′)
ζ ′
]
, (9)
and numerically integrate (5) to get the distortion func-
tion f . Note that for the case of ΛCDM expansion,
h2(ζ) = ΩΛ + Ωmζ
3 + Ωrζ
4, all the expressions in (5)
and (8) recover their forms in [17].
1 We ignore the spatial curvature included in h(z), thus in our
expression ΩΛ ≈ Ωde ≈ 1− Ωm.
The point is that once the reconstruction of f is done,
the model automatically fulfills the first goal of reproduc-
ing a given expansion history. The next step is to exam-
ine the growth of perturbations with different f ’s corre-
sponding to the various (non-ΛCDM) expansions deter-
mined by the free parameters Ωm and w. Good news is
that we can find the parameter sets of {Ωm, w} and rela-
tively suppressed growth rate. The result is presented in
the next section.
III. GROWTH OF PERTURBATIONS
We perturb the metric around the FLRW background
as
ds2 = − (1+2Ψ(t, ~x)) dt2 + a2(t)dx2 (1+2Φ(t, ~x)) . (10)
By substituting the perturbed metric back in the nonlo-
cal field equation (2) and expanding it to the first order,
we obtain the evolution equations for the perturbations
[10],
(Φ + Ψ) = −(Φ + Ψ)
{
f(X) +
1
[
Rf ′
(
X
)]}
−
{
f ′(X)
1
δR+
1
[
f ′
(
X
)
δR
]}
, (11)
k2
a2
Φ +
k2
a2
[
Φ
{
f(X) +
1
[
Rf ′
(
X
)]}
+
1
2
{
f ′(X)
1
δR+
1 [
f ′
(
X
)
δR
]}]
= 4piGρ¯δ .(12)
Here ρ¯ is the mean matter density and δ is the fractional
over-density in matter. These two are compared with the
corresponding perturbation equations in general relativ-
ity (GR),
(Φ + Ψ) = 0 , (13)
k2
a2
Φ = 4piGρ¯δ . (14)
Since the modified field equations (2) are conserved, i.e.,
∇µ∆Gµν = 0, the two conservation equations in GR still
hold in the nonlocal model,
δ˙ +Hθ = 0 , (15)
Hθ˙ +
(
H˙ + 2H2
)
θ − k
2
a2
Ψ = 0 , (16)
and complete the system of the evolution equations for
the four perturbation variables, Φ,Ψ, δ and θ ≡ ∇ ·~v/H.
Here ~v is the comoving peculiar velocity. Combining the
four equations leads to the equation governing the growth
of perturbations,
d2δ
dζ2
+
[
1
h(ζ)
dh(ζ)
dζ
− 1
ζ
]
dδ
dζ
−3
2
(1+µ)Ωm
ζ
h2(ζ)
δ = 0 (17)
3Note that the deviations from GR in the nonlocal model
are encoded into the parameter µ devised in [20]. Hence,
when the background is fixed by the one of GR, i.e., the
ΛCDM expansion, the only factor differs from GR in this
equation (17) is µ. The growth of δ is then simply de-
termined by the sign of µ: positive (negative) µ gives
enhanced (suppressed) growth. In our previous analysis
for this model, it turned out to be positive and hence we
concluded that growth is enhanced in the nonlocal model
[11].
Now, we note that the effect of non-ΛCDM back-
grounds for which the Hubble expansion rate h is dif-
ferent from the one for ΛCDM - denote it hΛ. The non-
ΛCDM expansion rate changes both the source term (not
only µ but also h2 in the denominator) and the friction
term in the growth equation (17), and hence leads to
more complicated dynamics. Before analyzing it, let us
emphasize that the conclusion we made in [11] was based
on fixing the background with ΛCDM and the growth
equation we used was actually
d2δ
dζ2
+
[
1
hΛ(ζ)
dhΛ(ζ)
dζ
−1
ζ
]
dδ
dζ
−3
2
[
1+µ(hΛ)
]
Ωm
ζ
h2Λ(ζ)
δ = 0
(18)
Here µ is a function of f which is determined by h, hence
it is eventually a function of h.
A. ΛCDM vs. Non-ΛCDM Backgrounds
First, we investigate the features of non-ΛCDM back-
grounds. For simplification we focus on the cases where
the equation of state w is constant so that the dimen-
sionless Hubble expansion rate (9) becomes
h2(ζ) = Ωmζ
3 + (1− Ωm)ζ3(1+w) , (19)
where we set Ωde = 1− Ωm. We survey the three quan-
tities - the dimensionless Hubble parameter, the decel-
eration parameter and the Om diagnostic - for different
values of parameters Ωm and w. For example, Fig. 1
depicts these three for the fixed value of Ωm = 0.255 and
different w’s.
The dimensionless Hubble parameter increases as w
becomes less negative, as easily expected from (19),
which would mean the source term in (17) gets smaller
(h2 being in the denominator) and leads to suppressed
growth.
The deceleration parameter q(ζ) = −1 + ζh′(ζ)h(ζ) , where
prime means a derivative with respect to ζ, affects the
friction term in (17). It changes more dramatically for
more negative w so that the absolute value of q is larger
in the high (or deceleration phase q > 0) and low (or
acceleration phase q < 0) redshift, which would lead to
more friction and suppressed growth. But we will see
later the reduction in the source term is more important
so less negative w actually better suppress the growth.
The Om diagnostic defined by [21, 22]
Om(z) ≡ h
2(z)− 1
(1 + z)3 − 1 (20)
measures how much h deviates from the ΛCDM value.
The farther it is from the horizontal straight line of
ΛCDM, the more different from ΛCDM. Of course these
background effects enter both GR and modified gravity
models including this model. However, the changes in the
background have more influence on this nonlocal model
than on GR as we will see shortly.
B. The Growth Rate
The growth function, D(ζ), is the solution to (17) with
initial conditions D(ζ) = 1/ζ at early times when matter
still dominates (z ' 10). Fig. 2 depicts the growth func-
tion in GR and the nonlocal model with different back-
ground expansions corresponding to Fig. 1. The initial
condition at zinit = 9 was set the same for each solution.
As noted above, less negative w makes the source term
in (17) smaller and hence lowers the growth for both GR
and the nonlocal model.
The product of the growth rate β ≡ d lnD/d ln a and
the fluctuations amplitude σ8 is a quantity directly mea-
sured in spectroscopic surveys. We examine two slightly
different normalization conditions for the growth rate:
One way is to set the initial amplitude σ8(zinit) the same
for GR and the nonlocal using the growth function of
GR (with Λ) and σ8(z = 0), which is the method also
employed in [11],
σ8(zinit) = σ8(z = 0)
DGR(zinit)
DGR(0)
. (21)
In this case, the theoretically computed σ8(z) using each
solution of the growth equation does not evolve to the
measured σ8(z = 0). The other way is to set the ampli-
tude today σ8(z = 0) the same using their own growth
functions D(z) (see the 8 different growth functions de-
picted in Fig. 2),
σ8(z) = σ8(z = 0)
D(z)
D(0)
. (22)
In this case, σ8(z = 0) is guaranteed to be the same but
σ8(zinit) computed by (22) is different for each solution.
Fig. 3 shows both cases: at the left panel σ8(zinit) is set
the same and at the right panel σ8(z = 0) the same for
each solution. In the sense of fitting the growth data,
the nonlocal model with the background of a slightly less
negative equation of state does a remarkable job with
this second normalization condition: χ2 = 7.88 for GR
with w = −1 vs. 8.44 for the nonlocal model with w =
−0.8. The χ2 values for these eight solutions with the two
normalization conditions are summarized in the Table I.
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FIG. 1: The dimensionless Hubble parameter, h(z), the deceleration parameter, q(z) and the Om diagnostic, Om(z) as a
function of redshift for Ωm = 0.255 and w = −0.8 (green), −0.9 (blue), −1 (red), −1.1 (brown) respectively.
TABLE I: The χ2 values between the data points and the β(z)σ8(z) predicted by GR and the nonlocal model with four different
background expansion histories. The same σ8(z = 9) means it is normalized by (21) and the same σ8(z = 0) by (22).
GR Nonlocal
Same w = −1.1 w = −1 w = −0.9 w = −0.8 w = −1.1 w = −1 w = −0.9 w = −0.8
σ8(z = 9) 8.69 7.88 8.85 11.91 42.75 28.46 17.45 10.34
σ8(z = 0) 8.35 7.88 8.60 10.75 24.29 17.13 11.70 8.44
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FIG. 2: The growth function, D(z) as a function of redshift in
GR (solid lines) and the nonlocal (dotted lines) model Ωm =
0.255 and w = −0.8 (green), −0.9 (blue), −1 (red), −1.1
(brown) respectively.
IV. DISCUSSION
We have analyzed the growth of perturbations pre-
dicted by a nonlocal gravity model of type (1). The non-
local distortion function f can be constructed to repro-
duce any desired expansion history. (As remarked in [17],
“absent a derivation from fundamental theory, f has the
same status as the potential V (ϕ) in a scalar quintessence
model and the function F (R) in F (R) gravity”.) Once
the function f is fixed, no free parameter is remained and
hence the evolution of perturbations is fully governed by
the model’s rule for gravity and the expansion history
it chose to mimic. That is, the growth of perturbations
depends on the background expansion which they ride
on. Previously we have found that when the background
is chosen to be the exact ΛCDM, the model enhances
growth compared to that predicted in general relativity
with Λ, which is disfavored by measurements [11].
In the present paper, we have examined the back-
ground effects and found that the model can suppress
growth when its background is chosen to be some partic-
ular non-ΛCDM expansion. A non-ΛCDM background
with the equation of state for dark energy w less nega-
tive than −1 tends to lower the growth. Notably, this
tendency is more dramatic in the nonlocal model than
in GR. That is, the statistical significance substantially
improves for this nonlocal model with the slight change
of w whereas it does not vary much for GR for the same
change of w. (see Table I). While the growth rate data
still appear best fit to GR with w = −1 (χ2 = 7.88),
the statistical difference from the nonlocal model with
w = −0.8 (χ2 = 8.44 or 10.34 depending on the normal-
ization conditions) is insignificant. In summary, relaxing
the condition of the background being exactly ΛCDM
and setting w less negative than −1 tends to lower the
growth of perturbations; however, further examination of
observationally allowed forms of w(z) is needed.
The interpretation of the tight parametric constraints
on the equation of state of dark energy using CMB data
should be performed carefully. In general, CMB data
alone are not very suitable to directly study dark en-
ergy, hence they are usually used in combination with
other data assuming a parametric form for the expan-
sion history. Constraints obtained from such model
fitting analysis can be sometimes conflictive (although
they may hint towards some new physics in the data).
Therefore, conclusions cannot be easily drawn without
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FIG. 3: The growth rate β(z)σ8(z) as a function of redshift in GR (solid lines) and the nonlocal model (dotted lines) for
Ωm = 0.255 andw = −0.8 (green), −0.9 (blue), −1 (red), −1.1 (brown) respectively. At the left panel σ8(z = 9) is set the same
and at the right panel σ8(z = 0) the same for each solution of the growth equation (17). The fluctuation amplitude today was
chosen as σ8 = 0.8 following [23]. Data points come from 6dFGRS, 2dFGRS, SDSS main galaxies, SDSS LRG, BOSS LOWZ,
WiggleZ, BOSS CMASS, VVDS and VIPERS [24]. (The numbers of the data points are taken from Figure 17 of [24] with the
aid of Teppei Okumura.) The most recent BOSS data [23] are not used here, however including them will not change results
much.
extensive analysis and support from different observa-
tions. For instance, Planck CMB data has already shown
some conflicts with other cosmology surveys in estimation
of the value of Hubble constant H0 (assuming concor-
dance ΛCDM model) [26]. Another recent major survey
analysis pointed out some discrepancy between H0 and
Lyman-α forest BAO data when assuming ΛCDM model
[27]. Hence, we have considered the direct distance-scale
data such as standard candles and rulers for the expan-
sion history rather than using constraints obtained by
model fitting analysis of CMB data. This is particularly
important in the present work, since we are discussing
a very different cosmology model which in turn gener-
ates different perturbations. It should also be noted that
the most recent compilation of supernovae data known as
JLA compilation [28] does not rule out w = [−1.1,−0.8]
for the constant equation of state of dark energy.
Our next step is to look for a choice of the background
expansion history extensively (not just for constant w
but more nontrivial evolution of it), within the flexibility
data allows, that leads to a reasonable fit to the growth
data with this nonlocal model.
Another purpose of this work is to recall the usage of
nonlocal modifications for gravity and aid model builders
to extend it. The nonlocal invariant X = −1R is the
simplest, so easy to handle with, that’s why we chose
to analyze it first. However, as pointed out by Woodard
(one of the inventors of this model) [25], it achieves accel-
eration by strengthening gravity which would lead to en-
hanced growth. (That’s why less negative w meaning less
acceleration works better for it.) A better way would be
to make a nonlocal model emulates time-varying cosmo-
logical constant [25]. There have been projects of build-
ing nonlocal gravity model in this direction, but have not
reached the level to fully describe the phenomenology of
the late-time cosmic acceleration. Those extended mod-
els inherit the main virtues of this simplest, f( −1R)
model:
• −1R is a dimensionless quantity so that no new
mass parameter is introduced.
• −1R grows slowly so it does not require huge fine-
tuning.
• It evades any deviation from general relativity for
the solar system by exploiting the sign of −1R
• It does not require an elaborate screening mecha-
nism to avoid kinetic instability (or ghosts.)
It is also worth noting that the distinction of this class
of models from the nonlocal gravity models proposed and
developed by Maggiore and his collaborators [29]. In
those models, nonlocal invariants are not dimensionless
and multiplied by a free parameter of mass2 dimension.
The mass, whose origin seems not to be known yet, plays
a role of cosmological constant and no arbitrary function
(like the nonlocal distortion function f) exists in those
models. The phenomenology of those nonlocal models
has been reported to be very successful and investigation
for deriving those nonlocalities from a fundamental the-
ory through quantum processes is in progress [29, 30]. It
would be interesting to compare the approaches to non-
local gravity by these two groups and relate their origins
from fundamental theories.
Additional note: A very recent paper by Nersisyan,
Cid and Amendola [31] claims that a localized version
of this nonlocal model when its background expansion
is fixed by ΛCDM leads to suppressed growth for the
perturbations, which is opposite to our previous result
[11]. If their analysis turns out correct, localizing could
be a better way to have lower growth than changing the
background (as studied in the present paper). However,
6we find that their implementation of the sub-horizon limit
is different from ours [10, 11] and it is the main source
of the discrepancy. Currently we are collaborating with
them to further investigate this issue and we will jointly
report the detailed explanations for it.
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